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Abstract. In this work we propose a new method for investigating connection 
problems for the class of nonlinear second-order differential equations known as the 
Painleve equations. Such problems can be characterized by the question as to how the 
asymptotic behaviours of solutions are related as the independent variable is allowed 
to pass towards infinity along different directions in the complex plane. Connection 
problems have been previously tackled by a variety of methods. Frequently these 
are based on the ideas of isomonodromic deformation and the matching of WKB 
solutions. However, the implementation of these methods often tends to be heuristic 
in nature and so the task of rigorising the process is complicated. The method we 
propose here develops uniform approximations to solutions. This removes the need 
to match solutions, is rigorous, and can lead to the solution of connection problems 
with minimal computational effort. 

Our method is reliant on finding uniform approximations of differential equations 
of the generic form 

= -^(,,^ 

as the complex- valued parameter £ — > oo. The details of the treatment rely heavily 
on the locations of the zeros of the function F in this limit. If they are isolated then 
a uniform approximation to solutions can be derived in terms of Airy functions of 
suitable argument. On the other hand, if two of the zeros of F coalesce as |£| — > oo 
then an approximation can be derived in terms of parabolic cylinder functions. In 
this paper we discuss both cases, but illustrate our technique in action by applying 
the parabolic cylinder case to the "classical" connection problem associated with 
the second Painleve transcendent. Future papers will show how the technique can 
be applied with very little change to the other Painleve equations, and to the wider 
problem of the asymptotic behaviour of the general solution to any of these equations. 
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1. Introduction. 

Asymptotic behaviour of solutions of the second Painleve transcendent (PII), 



q" = 2q 3 + xq + (3, (1.1) 

where ' = d/dx and (3 is a complex constant, have been much studied, for example 
in [3, 4, 6-17, 19-21, 23]. In particular connection problems have been investigated 
in which one attempts to relate the asymptotic behaviour in one x— direction to 
that in another. Some of the results are heuristic, and some rigorous. The heuristic 
arguments tend to use the method of isomonodromic deformations, linked with 
asymptotic arguments that use the WKB method and matching, and although 
Suleimanov [23] has given a rigorous version of this for one problem associated 
with the second Painleve transcendent (1.1), the task of extending these techniques 
rigorously to more complicated problems, and in particular to problems associated 
with the higher equations, seems formidable. 

In this paper we develop a new technique for investigating such problems. The 
technique uses the method of isomonodromy, but thereafter develops a uniform 
approximation which dispenses with matching, is rigorous and even from a com- 
putational point of view is simpler than previous methods. We will use it in this 
paper to study the asymptotic behaviour of solutions of PII (1.1) when (3 = 0, giv- 
ing the algorithm which enables one to compare asymptotic behaviour in different 
directions, but we emphasise that the method is certainly not restricted to PII, and 
we will return in later papers to its application to the other transcendents. 

In particular, of course, we can solve once again the "classic" problem for PII 
(1.1), which for convenience and completeness we state here. Its statement depends 
upon the following theorem, a proof of which can be found in [8]. 

Theorem A. There exists a unique solution of (1.1) with (3 = which is asymp- 
totic to a Ai(x) as x — > +oo, a being any positive number. If a < 1, this solution 
exists for all real x as x decreases to — oo, and, as x — > — oo, 

q(x) ~ dlxl' 1 / 4 sin [| \x\ 3/2 - \d 2 log |x| + 7} 

for some constants d, 7 which depend on a. 

From this result one can easily compute more detailed asymptotics which hold 
as x — > +00 : 

q(x) = laTT- 1 / 2 ^- 1 / 4 exp (-fx 3 / 2 ) [l - J^" 3 / 2 + O (x" 3 )] , (1.2a) 

r ( l) = ^ = _l flf -l/V/4 ex p(_^/2j [1+^-3/2 + 0(3.-3)- 

dx J (1.2b) 

The usual connection problem is the question of the specific dependence of d and 
7 on a, and this is given as follows: 



Theorem B. 



d 2 = -7T" 1 log (1 - a 2 ) , (1.3a) 
7 = | 7r _ |rf 2 l og 2-argr(-iirf 2 ). (1.3b) 



We have already mentioned that our technique involves the concept of isomon- 
odromy, and we now quickly review the relevant facts [6]. (Again we give the details 
for PII (1.1) but emphasise that comparable results are known [11] for all the other 
Painleve transcendents, and indeed that there is a hierarchy of equations [1] of 
higher order which fit into the same general framework.) Suppose that x and A 
are independent complex variables and there exists a 2 x 2 matrix function ^(x, A) 
which satisfies both 



dx 

and 



(-iAcr 3 + ?<ri)*, i.e. L> x * = 0, (1.4) 



— = <-i(4\ 2 + x + 2q 2 )(T3 + 4\q(T 1 -2r(T 2 - 'j-aAV, i.e. = 0. 

(1.5) 

Here 

'0l\ f -A fl 



°" 1 ' 1 y ' a2= \\ oj' as V° - 1 
are the standard Pauli spin matrices which, in particular, satisfy 

<T 1 (72 = icr3, cr 2 <T 3 = icr 1 , a S (Ti = ia 2 . 

Then there is a compatibility condition 

[D x , D X ]V = (D X D X - D X D X )* = 0, (1.6) 

and an easy calculation shows that (1.6) reduces to (1.1). Conversely, if q(x) evolves 
according to (1.1), then (1.4) and (1.5) are compatible. Thus (1.1) is equivalent to 
compatibility and compatibility is easily seen to imply isomonodromy. 

For suppose that we have two fundamental solutions vj/W^ \i>( 2 ) Q f (1.5) in two 
different but overlapping sectors in the A— plane. (The equation has an irregular 
singularity at A = oo and a regular singularity at A = but, as far as monodromy 
is concerned, we need only deal with the irregular singularity.) Since SE^ 1 ) and 
are both fundamental solutions there must be a matrix S independent of A but in 
general dependent on x, such that 

* (2) (;r,A) = ^ 1 \x,X)S(x), (1.7) 

and S is referred to as the monodromy matrix. (Of course, S depends on the partic- 
ular fundamental solutions which are compared, and we return to this point later.) 
There is a monodromy matrix for each pair of sectors, and the assemblage of all the 
monodromy matrices forms the monodromy data. If we now differentiate (1.7) with 
respect to x and use the fact that *W an d *(2) sa ti s f y (1.4), we obtain immedi- 
ately that S is independent of x, which is to say that the problem is isomonodromic 
in x. It should be noted that this involves care in choosing xJ/W and vf^ 2 -*, for if we 
multiply ^^(x, A) by a function of x, it still satisfies (1.5), but no longer (1.4). 

We make the remark also that we shall be able to arrange that the monodromy 
matrix takes the form of a triangular matrix with 1 as the principal diagonal. Thus 
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the monodromy data reduces to the one remaining entry in the matrix, the so-called 
Stokes multiplier. 

Given isomonodromy, we can now prove Theorem B as follows. We work out the 
monodromy data for (1.5) as x — > +00, using the known asymptotic dependence of 
q on x, and then the monodromy data as x — > —00, and equate them to give the 
required result. The way in which this has so far been carried out is to compute the 
fundamental solutions in different sectors and use (1.7) to obtain S. This means that 
we have to compute the solutions (or at least their asymptotic behaviours) as |A| — > 
00 and also as \x\ — > 00. This uses WKB asymptotics, and also matching, since the 
form of the asymptotics depends on the relative values of A and x, and we have to 
match different forms in different regions. The procedure can be complicated and 
rigor ising it difficult. 

The procedure would be much simplified if one could find approximations to 
solutions which are uniformly valid for all relevant large |A|, \x\. This we can in 
fact do, and in a general form which is certainly applicable to more than just PII 
(1.1). Once it is done, there is no further rigorous analysis required; it is merely a 
matter of computing the monodromy data by relating it to the (known) data for 
the approximations. 

In Section 2 we describe, in the context of PII (1.1), the heuristic reasoning 
which leads to the uniform approximation. Then in Sections 3,4 we state and prove 
two theorems on uniform approximations, which we believe to be the only such 
theorems necessary for the discussion of any of the Painleve equations. In the final 
sections of the paper we use these theorems to compute monodromy data both in a 
general setting and in the particular case of PII, and finally as an application prove 
Theorem B. 

It should be remarked that for the purposes of Theorem B only the first of the 
two approximation theorems (that relating to double turning-points) is required. 
For more general solutions of PII, and for a general discussion of the other Painleve 
equations, the second theorem is also required. We intend to return to such devel- 
opments in later papers. 

2. Deriving a Uniform Approximation. 

To see the nature of the uniform approximation, we turn (1.5) into a single 
second-order equation. We first make the scaling 




r ? = x" 1 / 2 A, 



— = £ \ -1 V + 1 + 
ar] { \ x 
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(2.2) 



In (2.2), attention should be drawn to the terms 



4T 2 

x 2 



Aq 2 

x 



Aq 4 



x> 



X^ 



(2.3) 



say, which depend only on x or £, and not on ry. How M(£) behaves for large £ (which 
is always our interest) will depend on the asymptotics of the functions q{x), r(x) as 
| a; | — > oo, and therefore on the particular solution of PII. For the remainder of this 
heuristic discussion we will consider the case where M(£) — > 0, since in the case 
of Theorem B this is certainly true from the given asymptotics both as x — > +oo 
and as a; — > — oo. But it is not true for a general solution that M(£) — > 0, and our 
methods do not need it, and we will point out where the essential difference lies. 
Assuming then that M(£) — >■ as |£| — > oo, it is to be expected from the form 



of (2.2) that, as |ry| 
will be 



oo with |£| large, the dominant term on the right-hand side 

-£ 2 (4ry 2 + l) 2 </>, 
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so that, from the usual WKB approximation, the solution should be asymptotically 
of the form 



ry^exp j±i£ J V (4a 2 + 1) da^ = r)' 1 exp {±i£ (§r? 3 + rj) } . 

The two exponentials are thus equipollent in directions 

arg (trf) = 0, ±tt, ±2tt, 

i.e. 

arg?? = -±arg£± ±/ctt, fc = 0,1,2,... 

and these are the so-called Stokes directions. We can determine the Stokes multi- 
pliers by relating the asymptotic behaviour of a solution in one Stokes direction to 
its asymptotic behaviour in the next, since it is in Stokes directions (and only in 
Stokes directions) that the full asymptotics appear and solutions can be defined by 
their asymptotics. 

However, in order to connect the behaviours as \rj\ — > oo on, say, arg?] = — | arg£ 
and arg?] = — | arg£ + ^7r, we need to follow the solution along a curve for which 
Re |i£ J 77 (4a 2 + l)dcr} = 0, for if we depart significantly from such curves (so- 
called Stokes curves), we shall lose equipollence, and so the effect of exponentially 
small solutions and therefore the Stokes multiplier. Now there is some choice of 
Stokes curve depending on the initial point of integration, but to obtain a uniform 
approximation we shall consider Stokes curves which pass through turning-points 
of equation (2.2); by a turning-point we mean a value of r\ which is a zero of the 
right-hand side of (2.2) although we will slightly adapt this definition later. 

The idea of uniform asymptotics through turning-points was first proposed by 
Langer [18] and Titchmarsh [24] in work on the distribution of eigenvalues for the 
Schrodinger equation (see also [22]). They dealt with the equation 

d 2 v 

^-J + [n - q{z)]y = 0, -oo<^<oo, (2.4) 

where, for example, we may think of \x as a large positive parameter and q(z) — > oo 
as z — > oo. If q is strictly monotonic, then there is a simple turning-point at 
q(z) = [i. Langer pointed out that the prototypical case of this is q(z) = z, so that 
the equation becomes 

+ {ii - z)y = 

whose general solution is a linear combination of Ai(z — (i) and Bi(z — fi), where 
Ai, Bi are the usual Airy functions. He then went on to show that one could obtain 
a uniform approximation to solutions of (2.4), valid for large \x and z — > ±oo, by 
introducing Airy functions of a suitable argument. 

We need to modify the idea further, because Langer's approximation relates to 
situations where the turning-point is simple, whereas in our case (2.2) there are 
two turning-points which, for large £, are close to r\ = |i (and two others close to 
i] = — |i). (This of course is a consequence of our assumption that M(£) — > 0. If 
M(£) y4 0, then the turning-points are simple, and it is then a matter of adapting 
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Langer's approximation using Airy functions.) In our present situation, therefore, 
it seems that the parabolic cylinder equation 

£i=[^ 2 -("+»]». 

with linearly independent solutions D u (z) and £)_„_].(— iz), is an appropriate one 
for coping with coalescing turning-points, and in fact this possibility has already 
been explored by Olver [22] and Dunster [5], primarily for real values of z. With 
our particular applications in mind, it will be better to consider (2.5) in the form 

* = -e z 2 — - y (2.6) 



dz 2 s V £ 

= -e(z 2 -a 2 )y : (2.7) 

where i£a 2 = 2u + l, which has solutions D^e™/ 4 -^*) and D^^e-^^^z). 

To see how this applies to (2.2), we will restrict ourselves to the particular case 
when (3 = 0. We try as a uniform approximation to a solution of (2.2) the expression 

m = p( V )D v (e^v^Cfa)) = p(v)FMv)), say, (2.8) 

where the functions p and ( are to be determined. Substituting (2.8) in (2.2) with 
(3 = we have 

p"F u + 2p'C'Fl + p{{CfF' i : + C"Fl) 



C \ iXj iAj iXj 

2q 2 \ f ir \ _1 3 ( ir 



4^ + 1 + ^- 77 - — — + — 77 



£ V x J V 2 ?v ^ y 4f V 2 ?v /i 



-2 



(2.9) 



Recalling that F v satisfies (2.6) we can compare coefficients of F' v and F v in (2.9). 
The vanishing of the coefficient of F' v gives 

2p'C + PC = o, 

so that we can take 

p = (cr 1/2 , (2.io) 

for the choice of integration constant at this point is inconsequential. The vanishing 
of the coefficient of F v gives 

^ 2 (c 2 -« 2 )(cr 

= ^ 2 ((4t7 2 + 1) 1 



8i?7 


Ur 2 4q 2 


4g 4 




\ X 2 X 


X 2 



,2 



(2.11) 



If we ignore the last two terms in {. . . } as being of smaller order (for large £) than 
the others, then we are left with 

(C -« )(C) = (V + i) 2 



= G(t/,0, say, (2.12) 

which, apart from a constant of integration, defines ( as a function of rj once we 
have specified a. (We recall always that r,q,x,£ are constants as far as 77, £ are 
concerned.) We note however from (2.10) that we certainly want to avoid zeros 
of (' and, from (2.12), £' has a zero wherever G(r/,£) = 0; i.e. essentially at a 
turning-point of the equation, unless we can choose a so that the zeros of ( 2 — a 2 
coincide with those of G. For large £, there are two turning-points, say 7/1 and 772, 
close to |i, and two close to — |i. If we are interested in a Stokes curve which passes 
through (or close to) ^i, then we must choose a so that £ = —a corresponds to 
77 = rji and ( = +a corresponds to 77 = 772- We can ensure one of these holds by 
use of the constant of integration implicit in the evaluation of C from (2.12). The 
second can be achieved by defining a so that 

(C 2 -« 2 ) 1 / 2 dC= / G^Odv- 

-a J rji 

Since the left-hand side integrates easily to |7rict 2 , we have a given by 

rm 

±nia 2 = / G 1 / 2 (7 7 ,Od7 7 . (2.13) 



With a so defined, and ( chosen according to 

< 



I (r 2 -a 2 ) 1 / 2 dr= C G 1/2 (cr,£) da, 

J a J r)2 



we can hope that solutions of (2.2) are approximated, uniformly on 77 for large £, 
by some linear combination of 

(C')- 1/2 Du(e^ /A V^0 and (O^^-.-ile-/ 4 v^O- 

A precise statement and proof of this conjecture is given in the next section. 

We remark finally that it is a consequence of this uniform approximation that 
the monodromy data for (2.2) as |£| — > 00 will be the same as that for the parabolic 
cylinder functions, which can be found in any text on special functions, modified 
only by some allowance for the various changes of variable involved. We work this 
out more precisely in Sections 5 & 6. 

3. The Uniform Approximation Theorem for a Double Turning-Point. 

We are interested in differential equations of the form 

ft = -?F(v,0<P (3-1) 

and, guided by the heuristic discussion in Section 2, we shall make the following 
assumptions about F. Suppose that our concern is with the limit |£| — > 00 with 
arg£ — > 6>; we then hypothesise that 



HI. There is a sequence of values £ n , |£ n | — > oo, arg£ n — > 6*, swc/i i/iai 

F(»7,£„)=*bfa) (r/-^ 2 -^^, 

Sn 

(%) Fo(rj) is a polynomial in rj, with Fo(rjo) 7^ and 

F (rj) ~ An m as n -> 00, (3.2) 

fn) F(rj,£ n ) is a rational function of rj, with the location of its poles possibly 
dependent on £ n . 
(Further assumptions on F are given in due course.) 

Remarks. 

1. The assumption that Fo is polynomial is not essential. Polynomial-like behaviour 
of some sort would certainly be sufficient, but in applications to the Painleve 
transcendents it is always the case that F is a polynomial, and since no new 
ideas would be involved in generalization, we do not consider this here. Similar 
comments hold with regard to the rational behaviour of F. 

2. The assumption Fo(rjo) 7^ is crucial. It implies that (3.1) is to have a double 
turning-point at rj = rjo (or, more precisely, for large |£|, two turning-points close 
to 770), but no other turning-points close to rj . 

3. Our assumption is only about a sequence of values £ n since it will turn out in our 
applications to be a consequence of isomonodromy that behaviour as |£| — > 00 
through a sequence is sufficient to determine behaviour as |£| — > 00 generally. 
However, in the present approximation theorem, which is in itself quite inde- 
pendent of the concept of isomonodromy, we will not be involved in comparing 
different sequences, and so we can without confusion drop the subscript in £ n , 
and this will be done henceforth. 

4. The usual WKB approximation for (3.1) would suggest, in view of (3.2), that, 
for large rj, the solutions of (3.1) are asymptotic to linear combinations of 

v -(m+2)/4 exp J V F ^ {s) ( s _ m) , 

and so for Stokes directions we must have 

arg (^V 4 ^^) = 0, ±tt, ±2tt,... 

or 

(|m + 2) arg?] = — arg£ — \ arg A + kn (k = 0, ±1, . . . ). (3.3) 

To compute monodromy data for (3.1), we need the behaviour of solutions in 
two successive Stokes directions, and this leads to the next hypothesis. 

H2. There exists a Stokes curve Ck k+i> defined by 



which connects 00 in two successive Stokes directions (given by kir and (k + 1)tv in 
(3.3) above), passes through rjo and is (for large £) bounded from any zero of Fq. 
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H3. On and in a neighbourhood ofCk,k+i, F has no poles, at least for large £, and, 
for all r\ and uniformly for large £, 



while, for large r\ and uniformly for large 

F'/F = 0(i 1 - 1 ), F"/F = 0(r]- 2 ), F' = dF/dn. 



Remarks. 

1. It is now clear from Rouche's theorem that, for £ sufficiently large, F(r),£) has, 
as a function of 77, precisely two zeros 771, 772 close to 770. In fact, if F(rj, £) — > L 
as 77 — > 770, |£| — > 00, we have 

% =^7o± (^y) V2 r 1/2 {l + o(l)}, j = 1, 2. (3.4) 

(We can take 772 to correspond to the upper sign.) 

2. In line with the heuristic discussion in Section 2, we define a number a by 

/a /-J72 

(r 2 -a 2 ) 1 / 2 dr= / F^fo,^, (3.5) 
-a J r/i 

and a new variable C by 

[\r 2 - a 2 ) 1/2 dr = C F 1 / 2 (s,£) ds. (3.6) 

</ a 7 ?72 

There is a choice of signs for the various square roots, but any consistent choice 
will do. Other choices merely lead to a permutation amongst the solutions 
D v (z), D u {— z), D- v -i(iz) and D- v -i{— \z) of (2.5) (or, of course, (2.6)) and do 
not therefore affect the space of approximating functions in our theorem below. 
We note also that F does not vanish on or near Ck,k+i if £ is large, except at 
771, 772, and so there is no ambiguity in the sign of F 1 / 2 once some initial value 
has been chosen. 

3. There is a certain arbitrariness in the precise choice of a Stokes curve. All that 
is required is that on it both WKB approximations are equipollent, so that both 
appear in an asymptotic expansion of a solution. With this in mind, it would 
be equally good to choose a curve connecting two Stokes directions on which 
Re(i£ J^ o F 1 / 2 (a, £) da) is bounded independently of 77 and £, and we shall make 
use of this possibility. 

Given these three assumptions concerning the problem (3.1) we can now show 
that solutions of this equation can be approximated uniformly by parabolic cylinder 
functions so long as 77 remains on Ck,k+i- This result can be summarised thus: 
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Theorem 1. Under hypotheses H1-H3, and given any solution <fi of (3.1), there 
exist constants c\, c 2 such that, uniformly for r\ on Cfe,fc+i) as |£| — ¥ °°7 



-1/4 



(^f) ' 0(»/,O={[ci + o(l)]^(e' r,/4 V^C) 

+ [c 2 + o(l)] J D_ i ,_ 1 (e-^v^lc)} 



Proof. We have to compare the equations 

d 2 6 



dn 2 



and 



Set 



P = 



dn 



e 2 (c 2 -« 2 )^. 

2\ V2 



(3.7) 



(3.8) 



(3.9) 



which we note is bounded both above and below on any bounded part of Ck,k+i- 
The only problem can occur near 770, and there we notice that ( 2 — a 2 and F have the 
same zeros, so that p and p _1 are analytic in a neighbourhood of 770- Since trivially 
p and p~ x are bounded on some fixed small circle 1 77 — 770 1 = k, say, it follows from 
the maximum principle that p and p~ l are bounded inside 1 77 — 770 1 = k. Also as 
77, C 00, it is immediate from (3.6) that 



1 a2 



2^1/2^2+771/2 

4 + m 



so that p is asymptotically some power of 77 (or £), and so, considering p = p(() 
and p' = dp/d(, we have, as |£| — > 00, from H3, 



v - = o I 



p - = o ' 

p \CJ ' p \C 2 

and the bounds implicit in the O— terms are independent of £. Now 

d(j) 1 d(j) d 2 (j) 1 d 2 (j) p' d(j) 



dt] p d( ' d?] 2 p 2 d£ 2 f> 3 d£ ' 



so that (3.7) becomes 



d 2 </> £ 2,f2 2n, , P' d </> 



Setting 
we have 



d 2 $ 
dC 2 " 



-£ 2 (C 2 -^)d>- 



P 



3(p0 
2 p 2 



A2" 



(3.10) 
(3.11) 
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Now we have already seen that linearly independent solutions of (3.8) are 

D v (e^/ 4 ^) , (e- ni/4 V^C) , (3-12) 

where, by (2.7), 

i/=-§ + ±i£a 2 , (3.13) 

and the asymptotics of the functions in (3.12), as |-\/2£Cl — ¥ are always linear 
combinations of 



exp (-ii£C 2 ) (v^C)" and exp (±i£C 2 ) (v^C 



(For the asymptotics of parabolic cylinder functions, one can consult, for example, 
[25].) We want to assert that these are bounded on Cj^k+i, which is so if 

Re (ii£C 2 - v log ( v^C) ) is bounded. (3.14) 

But by definition 

C V V Vo 

* J(r 2 -a 2 ) 1/2 dr = iC J F 1 ^ 2 (s,^)ds = i£ J F 1//2 (s, £)ds + i£ | F^foO^. 

a 772 ?7o »72 

and the last term is bounded independent of £. (Merely set s — t]q = t£~ 1//2 in the 
integrand, and use the fact that (772 — Vo)^ 1 ^ 2 is bounded.) Thus, on Ck,k+u 

Re ^ j (r 2 - a 2 ) 1/2 dr j is bounded, (3.15) 
and it is an elementary integration that 

(3.16) 

Substituting for a from (3.13), we see easily that (3.15) implies (3.14). 

We can now turn (3.11) into an integral equation in the usual way. In fact, any 
solution of (3.11) satisfies, for some constants ci,C2, the integral equation 

$(C) = Cl D v (e"/ 4 ^) + <*£>_„_! (e-^ 4 ^) 
c 

/ {D v (e-/ 4 v^C) 0-„-i (e-^v^t) 



2v^ 

a 



p 2 p 2 



(3.17) 
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In deriving (3.17) we have made use of the standard result that the Wronskian 

W (p v (e-/ 4 ^) , D_ v _ x (e—^v^C)) = ^ 

and the integral is to be taken along Ck,k+i- Since D u , D_ v _\ are bounded on this 
curve, and 

V" 3 (p>) 2 _ f 1 

and so is integrable to infinity on Ck,k+i, we can solve (3.17) by iteration (see, for 
example [24], to conclude that $ is bounded on Cj^k+i- Furthermore, we deduce 
that 

<&(C) = Cl A, (e^ 4 V^C) + c 2 D_ v _, (e—/ 4 V^C) + O 

and, returning to <fi via the transformation (3.10), we see that the theorem is proved. 

4. The Uniform Approximation Theorem for a Simple Turning-Point. 

Consider differential equations of the form 

= -^(,, eM (4.1) 

where we make the following assumptions about F in the limit as |£| — > oo, arg£ = 9. 
HI. There is a sequence of values £ n , |£ n | — > oo, arg£ n — > 6*, swc/i that 

F(.V,tn) =Fo(v,^n) (V-Voitn)) ~ (4.2) 

Sn 

w/iere 

Vo(Cn) -> r?oo as £ n ^ oo, 77^ /smte, 
fn) Fo(?7,^n) is a polynomial in rj whose zeros tend to finite limits as £ n — > oo, a/Z 
distinct from rjoo, and 

F (r]^ n ) ~ A V m as 77^00, (4.3) 
(mj F(rj,£ n ) is a rational function of n. 
Remarks. 

1. We are allowing the possibility that the turning-point rj may depend on £. (We 
drop the subscript n as in Section 3.) We could do this also in Theorem 1, but 
this does not seem relevant in the applications of Theorem 1, whereas it certainly 
is in applications of the present case. 

2. The usual WKB approximation for (4.1) would suggest, from (4.3), that for large 
r\ solutions of (4.1) are asymptotic to linear combinations of 

rT (m+1)/4 exp (±i£ f F^ 2 (s,0(s-Vo) 1/2 ds^ 

and so for Stokes directions we must have 

arg (^/y^™)/ 2 ) = 0, ±tt, ±2tt, . . . 

or 

\ (m + 3) arg 77 = — arg £ — | arg A + kn (k = 0, ±1, . . . ). (4.4) 

Monodromy data for (4.1) can be computed once the behaviours of solutions in 
two successive Stokes directions are known. We therefore assume the following: 

13 



H2. There exists a Stokes curve Ck,k+i, defined by 

Re(i£^V/V,£)d^ =0, 

which connects oo in two successive Stokes directions (given by kn and (k + 1)tt 
in (4-4) above) and which passes through rjo and is (for large ^) bounded from any 
zero of Fq. (We drop the explicit dependence of rjo on 

H3. On and in a neighbourhood of Cu,k+i, F has no poles, at least for large £, and, 
for all t] and uniformly for large £, 

^- = 0(1) 

whilst, for large r\ and uniformly for large £, 

F'/F = 0(r 1 - 1 ), F"/F = 0( V - 2 ). 

Based on the above, it follows from Rouche's theorem that, for sufficiently large 
£, F(rj,£) has, as a function of rj, precisely one zero 77* close to rjo and so close to 
7700 . In fact, 

77* = 770 + 0(C 1 )- (4.5) 
Now if we define a new variable £ by 

§C 3/2 = / C r 1 / 2 dr= [" FV*( 8 ,t)ds, (4.6) 

JO Jri* 

then we can obtain uniform approximations to the solution of (4.1) according to 

Theorem 2. Under hypotheses H1-H3, and given any solution 4> of (4-1), there 
exist constants ci, C2 such that, uniformly for r\ on C)-,k+i, as |£| ~^ °°5 



C ^" 1/4 



<t>(v, = { [ci + o(l)] Ai (e-/ 3 £ 2/3 *) + [pa + o(l)]Bi (e-/ 3 £ 2 / 3 c) } 



where Ai and Bi are the usual Airy functions 
Proof. We need to compare the equations 



d ^ = -£ 2 nr7,O0 and ^ = -£ 2 CV>, (4.7a,b) 



d// 2 dC 
and do so by setting 



Now jj is bounded both above and below on any bounded part of Cfc,fc+i- The only 
difficulty might arise near 770 and there we note that Q and F have the same simple 
zero (from definition (4.6)) so that p and p~ x are analytic near r/o- Since trivially p 
and p~ x are bounded on some fixed small circle 1 77 — 770 j = s, say, it is a consequence 
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of the maximum principle that both p and p 1 are bounded inside \r] — t]q\ = e. As 
77, C — > 00, it is obvious from (4.6) that 

2A 1 /V™+ 3 )/ 2 



lc 3/5 



m + 3 



(4.8) 



so that p is asymptotically some power of 77 (or £). Therefore, considering p = p(() 
and p' = dp/d( we have as | C | — > 00, from H3, 



p_ 

V 



o 



p_ 

p 



o 



1 

e 



and the bounds implicit in the O-terms are independent of £. Since 

1# d 2 <p _ 1 d 2 p' d^> 
d?7 p dC ' d?7 2 p 2 d( 2 p 3 d( ' 

equation (4.7a) becomes 

d 2 <^> , 2 Ai p' ^(p 



dC 2 



P dC 



and on setting 
we obtain 



= p 1 / 2 ® 



d 2 $ 



Zip 



p' 



p 2 p 2 



/\2 



It is a standard result that linearly independent solutions of (4.7b) are 



Ai (e^e /3 C) , Bi (e^H) 



(4.9) 
(4.10) 

(4.11) 



and the asymptotics of these functions as |£ 2 / 3 C| — ► 00 are always linear combina- 
tions of 



r 1/6 c 1/4 exp{±§iec 3/2 }. 



We would like to assert that these are bounded on Ck,k+i, which is the case if 
Re (i£C 3 ^ 2 ) is bounded. However, we have from (4.6) that 



rv . rvo rv 

eC 3/2 = iC/ Fl(8,Z)ds = % F 1 /2( s , e)ds + ie / FWfaQds 

Jrj* J rj* J T)o 



so that, on C k ,k+i, Re(ifC 3/2 ) is bounded if and only if Re (if F 1 / 2 (s, f )ds) is 
bounded. This latter expression is 0(|Cr 1/2 ) for large |f| (using (4.2) and (4.5)) 
so that Re (if C 3 ^ 2 ) is indeed bounded on the Stokes curve. 

To complete the proof of Theorem 2 we turn (4.10) into an integral equation in 
the usual way. It follows that any solution of (4.10) satisfies, for some constants c\ 
and C2, the equation 



<I>(C ) - Cl Ai[e^ 3 e /3 C) +c 2 Bi (<- 3 f 2 \) 



{Ai (e^ s e /3 () Bi (e^ 3 e /3 t) 



4f 5 / 6 Jo 

-Bi (e^ 3 e /3 C) Ai (e^ 3 e /3 t)} 
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3 fp' 



P 



p 2 \p 



$(t) dt. 
(4.12) 



In deriving (4.12) we have used the standard result for Wronskians that 
W (Ai (e^ 3 e /3 C) ,Bi (e^/ 3 ^ 2 / 3 c)) = 2i£ 5 / 6 . 

The integral within (4.12) is taken along the Stokes curve Ck,k+i an d since Ai and 
Bi are bounded there and 

^_ =o(- 



v 2\pJ VC 

and so is integrable to infinity on Ck,k+i, we can solve (4.12) by iteration to conclude 
that $ is bounded on Ck,k+i- Furthermore, we have that 

m = ciAi (e^n) + C2 Bi (e^e /3 c) + o 

and, returning to the variable cj) via the transformation (4.9), we conclude that the 
theorem is proved. 

5. Monodromy Data for Parabolic Cylinder Functions. 

This section sets out the well-known results that we shall need concerning Stokes 
multipliers for the parabolic cylinder function. We shall be interested in comput- 
ing the multipliers for the curve Ck,k+i] i- e - we wish to compare the asymptotic 
behaviours on 

(|ra + 2) arg?? + arg£ + | arg A = kn and (k + l)n 

and, since for large rj, £, 2arg£ ~ ^argA + (\m + 2) arg 77, this is equivalent to 
comparing behaviours on 

arg (v^C) = \kv and \(k + l)n. 

Let us set z = e^'^v^C; the complete asymptotic behaviours of D u (z) as \z\ — > 00 
are well known (see for example [2]) and are given by 

z v exp(-±^ 2 ), if |arg^| < |tt, 



A,(z) ~ < 



^exp(-^ 2 ) - -^e^z-^exptjz 2 ), on argz = |tt, 



\/2tt 

^™Vexp(-±* 2 ) - ^-^e^-^exp^ 2 ), on argz = |tt, 

(5.-1 ) 



e- 2i7r Vexp(-i,2 2 ), if |tt < argz < ±±tt. 



Then, on argz = ±|tt + 2£/T, with i integral, 

D v (ze- 2U ") ~ (^e- 2i£7r ) I/ exp (-^ 2 ) 
and so, since D v {z) is single- valued, 



~ exp (-i^ 2 ) z^e" 2 '™. (5.2) 
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Similarly, on argz = |-7r + 2£ix, we have 



£>„(*) ~ exp {-\z 2 ) z»e~ 2i ™ - J^e^'exp (J* 2 ) z""" ^^+1). (5.3) 

To evaluate the Stokes multiplier we proceed as follows. In any sector between 
two adjacent Stokes directions there is (modulo multiplication by a constant) a 
unique solution fi which is asymptotic to the small exponential. All other so- 
lutions are necessarily asymptotic to some multiple of the large exponential, but 
if we take such a solution on the first Stokes line, then we will find that on the 
second Stokes line its asymptotics will have added a multiple of f\. That multi- 
ple is the Stokes multiplier. Thus, relative to the asymptotic forms exp(— ^z 2 )z u 
and exp(jz 2 )z~ u ~ 1 , the Stokes multiplier for the sector jn + 2£n to jn + 2£tv, in 
which exp(— ^z 2 )z u is dominant, can be immediately deduced from (5.2) and (5.3). 
Consequently, 

SM (±tt + 2£tv, §tt + 2£tv) = " e^e 4 *™. (5.4) 

Similar calculations for each of the other pairs of sectors yields the complete mon- 
odromy data in the form 

SM (§tt + 2£tv, §tt + 2£tt) = e -™ e -u™(i - e" 2 ™) 



2n 
2 



iW-r(-z/)e-^ + ^™sin7rz/, (5.5) 



SM (-§tt + 2£tt, -|tt + 2£n) = ^JL e -»* i e 4£ ™, (5.6) 

SM (~ln + 2£n, \n + 2£n) = -1^- r(-z/)e" 4 ^ sin ttza (5.7) 

To obtain (5.7) we need the asymptotics of D_ 1/ _ 1 , which are that 

( e-^+ 1 )/ 2 ^-^- 1 exp(iz 2 ), on argz = - Jtt, 

D -"- l{iZ) ~ ( -j^ye-^/VexpC-Jz 2 ), on argz = +1.. 

6. Monodromy Data for (3.1). 

Although one might expect the double turning-point case to be more complicated 
than the simple case (and in some sense it is), yet in the double turning-point case 
one can work out the monodromy data quite explicitly, in terms of the coefficients of 
the monodromy equations, even for a general form of equation. It is this that leads 
to the wealth of explicit connection formulae given, for example, in [11]. They are 
explicit because they are connecting directions where the behaviour of the solution 
of the Painleve equation leads to a double turning-point in the isomonodromy 
equations. 

In the present section, we show how this monodromy data can be calculated. 
To do this, we add to hypotheses H1-H3 in Theorem 1 the following additional 
hypothesis. 
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H4. Suppose that in HI we can express F in the form 



for some 7 > 0, where F\ and F 2 are rational in rj. Suppose also that F is a perfect 

1 11 

square, so that Fi(r),£)/{F (rj)(rj — rjo)} is rational in rj with partial fraction 
decomposition 

1/2 Flfa0 mth 51 (°) 

Fi /2 (V)(V-V0) hi-** 

1 /2 

Finally, suppose that, on and in a neighbourhood of Ck,k+i, F2/F ' is bounded 
uniformly in £. 

Remarks. 

1. The quantities A^, Sj will in general depend on £, but we suppress that depen- 
dence. We shall, however, assume that they tend to finite limits as | ^ | — > 00. 



2. It is obvious that 
and we will set 

N 



Al = (6.2a) 



B = J2 A i- ( 6 - 2b ) 



i=i 



3. To compute the monodromy data, we need the relation between ( and r\ for large 
£. This is the content of the next theorem. 

Theorem 3. Under the hypothesis H4, and hypotheses H1-H3 of Theorem 1, we 
have, for large £ and 77, 

C 2 - a 2 logC + \o? log FqM + o(C x ) 

v N 
= 2 J F^ 2 (s)(s-7 ]0 )ds-jlogr ] +^J2A l log(r ]0 -s l ). (6.3) 

»?o ' i=2 

Proof. From the definition of £ and (3.16), we have 

■n 

i{2C 2 -2a 2 log(20 + 2a 2 loga-a 2 + O(a 4 r 2 )}= | F 1 / 2 (s, £) ds. (6.4) 



^2 



In calculating the right-hand side, we will replace F(r),£) by 

%,0 = ^o(r/)(r / -r /0 ) 2 -^|^, 
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i.e. we will ignore F 2 . This is justifiable because we will find that even the Fi term 
contributes only a term of size 0(£ -1 ) which is all that we are interested in. The 
term F 2 if we included it, would similarly contribute a term of only 0(£ -1-7 ). Thus 



J FV\s, ds = U + J\ F^is, ds = h + I 2 , 



(6.5) 



m 



V72 V 



say, where 



v *= Vo +TC 1/2 



and T is a large positive number to be specified more precisely later. In I\ we make 
the change 

s-vo = tr 1/2 , 

and then 

T 

Ji = | J {F (s)t 2 -F 1 (s)} 1 / 2 dt. 

Since s — r]o = 0(£ -1 / 2 ) and we are only concerned with evaluating (6.5) correct to 
(3(£ -1 ), we can safely replace s by rjo in I\ which, on integration using (3.16), gives 



h 



Fi /2 (Vo) / 2T 2_2F 1 M 



4£ 



log(2T) + 



log 



F 1 (r ]Q )\ ^1(770) 



^o(??o) ~~ ov ' ' F (f]o)'"° \F (f] ) J F (r]o) 
+ 0(C 1 T- 2 ) + o(C 1 ). 



(6.6) 



Taking T = — (F 1 (r]o) / F (r]o)) 1 / 2 7 we can compute ii explicitly (with s = i]o) and 
so conclude from (3.5) that 



1^2_^0 1/2 M 



4£ 



2^ 



F (vo) 



+ o(r i ), 



or 



a = — h o(£ ). 



^ 1/2 M 

Also, by the binomial expansion, the integral I 2 in (6.5) is given by 



(6.7) 



rVo 

= F^ 2 (s)(s- Vo ) 

J 7/* 



Fi(s) 



2£F (s)(s-r lo y 



ds 



+ o 



F 2 (s)ds 



eF* /2 (s)(s- Vo y 



(6.8) 



1 /2 

According to hypothesis H4, F\ is bounded by F Q ' and so the final term in this 
expression is of size 



oil 



Idsl 



s)\\s-Vo\ 



= O 
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1 



1 



<r w - vol 



= 0(C 1 T- 2 ). 



Using the proposed form for Fi(rj, £) as given by (6.1), the second term in I 2 is 
equal to 



^ e r ^v ds = -tp i ° gr]+ + 



+ H<»-^ + «e8Wt)' ( , 9a) 

whilst the first term may be written as 

[ V Fi /2 (s)(s- Vo )ds= rF 1/2 ( S )( S -r 7o )d S -iF 1/2 (r ? o)T 2 r 1 + o(r 1 ). (6.9b) 
Combining (6.5), (6.6), (6.9a) and (6.9b) yields 

/V/»(.) As = {-2 log2 - log? + log - l) } - | log, 

+ / F 1/2 ( S )( S -r 7o )d S +-logn^o-^)^+0(r 1 T- 2 )+o(r 1 ), 
J no z ^ j= 2 

and so, using (6.4) and (6.7) and making a choice of T large, we see that Theorem 
3 is verified. 

We have shown that linearly independent solutions of (3.8) are Dv^e^^^fl^Q 
and -D_ ;y _i(e _7ri//4 v^2^C) an d the asymptotic behaviours of these functions in vari- 
ous sectors have been noted in (5.1). Using the result of Theorem 3 and recalling 
that i£ct 2 = 2v + 1, it follows that as £, Q — > oo, 



JV 

e i^(,o) r /2 -Q (??o _ s . ) -iA,/2 F( (^+l)/8 2 ,/2 e i 7r ,/4 j> ^ ( g 1Qa) 

J =2 ' 

c i/2 e iCC 2 /2 (e^v^lc) - " -1 ~ e^Wrj-' 1 *' 2 



x 



JV 



X 



e -i^o) r (l+^)/2 "Q (??o _ s .yA j /2 F -^+l)/8 2 - (1+ , W 2 e -in(,+l)/4 J, ^ 

i=2 



(6.10b) 

where ^(z?) = JJ 7 Fq' 2 (s)(s — rjo)ds and F o denotes the value F (r]o). These re- 
lations, together with the Stokes multipliers (5.4)-(5.7) for the parabolic cylinder 
function, enable us to write down the complete monodromy data for (3.1). With 
z = e 7ri / 4 v / 2^C 5 the Stokes multipliers relative to the solutions 

e ~Wv)^B/2 and e i^ Mr} -iB/2 
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are 

i) from argz = \n + 2£n to jir + 2£n (where Q-^vfirfB/z j s the dominant 
solution) 



27T e i w ( 4<+ i) I/ _2^(t to )^- v -i/2 



r(-i,) 

TV 

x Y[( V0 - Sj )^ Fo -(2,+l)/4 2 _,_ 1/2e _ i . (2 , +1 ) /4; 

j=2 (6.11a) 

ii) from argz = |tt + 2£tt to |tt + 2£tt (e^fa)^-**/ 2 dominant) 

j yjl r ( - J/) e - i7r ( 4£ + 2 ) "+ 2 ^('70 ) ^+ 1 /2 
iV 

x JJfo _ Sj )- i ^F ( 2 ^ 1)/4 2^ 1 / 2 e-^+ 1 )/ 4 sin7rz,; 
i=2 (6.11b) 

iii) from argz = -§7r + 2^7r to —\ir + 2£n (^ e -^(v)^B/2 dominant) 



2?r -k(4l-l).-2CTno)^-^-l/2 

r(-,) e * 

x JJfo - Sj) iA jF - o (2, + l)/4 2 _,_ 1/2e _ i7r(2 , +1)/4 . 

i=2 (6.11c) 
iv) from argz = — ^7r + 2£tv to j7r + 2£tt (e 1 ^^)// -1 - 8 / 2 dominant) 

- i^/ r ^r(-z/)e" 4i7r ^ +2i?JC ' (7 ' o) ^ +1/2 

x JJfo - Sj .)- i ^^o ( o I/+1)/4 2 I/+1/2 e i7r ^ +1 )/ 4 sin 7 rz/. 
j=2 (6.11d) 



We remark finally that, from Theorem 1 and (6.10), the asymptotic forms of </> 



are 



F -l/4 e -i^(v) v iB/2 and F -l/4 e i^ )?? -iB/2_ (612) 



7. Application to the Painleve Equations. 

Suppose that equation (3.1) arises after scaling from the monodromy equation of 
some Painleve equation. (It is our contention that all such monodromy equations 
reduce to the form (3.1) with simple or double turning-points.) In the preceding 
sections we have evaluated the monodromy data with respect to the usual WKB 
solutions 



F-^exp j±i£ j\ l ' 2 (t)dt^ 



(These solutions are given in terms of the variable r\ but when expressed in terms of 
the original variable A they are the usual WKB forms.) The theory of the Painleve 
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equations tells us that the monodromy data is independent of £ provided that the 
A— sector in which the Stokes multipliers are being calculated remains fixed. Since 
£,A,?y are inter-related (in the case of (2.2) r\ = £ _1 ^ 3 A), the condition that the 
A— sector remains fixed means that the rj— sector changes with £, or at least with 
arg£, and also the turning-point rjo depends in general on £. Indeed, it may change 
from simple to double as arg£ changes. (In the case of (2.2), this is a question of 
the behaviour of M(£) as |£| — > oo in a specific direction; M(£) — > gives double 
turning-points.) 

Thus, the monodromy data depends on £ in various ways, but so long as the 
A— sector remains fixed, these various dependences must cancel. This leads, for 
example, to relations between M(£) and £ for large |£|, and so to statements about 
the possible asymptotic behaviours of the Painleve functions, which we will pursue 
in later papers. 

We now turn to examine the application of our method to the specific case of 
PII (1.1) with (3 = with the aim of using it to establish Theorem B. The relevant 
version of the generic equation (3.1) is 



d 2 <f) 2 } ^ . 2 -i\2 l fA 2 -i\ ( ir A 1 4r 2 4q 2 Aq 



- eo \ -(v • ir • ^ ±cv + ])(„- ^= j f 



,4 



d?7 1 £ £ \ %qyx / x 2 a; x 

and this form follows directly from (2.2). If either x — > +oo or x — > — oo, we will 
have a double turning-point ??o = an d although we can choose, say, t]q = |i 
when we are considering x — > +oo, the turning-point that we will have to use when 
x — > — oo is then fixed. Thus we have 

F (77) = 16(?7+ii) 2 if 770 = |i, F (v) = 16 fa - \tf if 770 = (7.2) 

In view of the behaviours of the solution of PII as x — »• ±oo (given by Theorem A 
and (1.2)), we will write 

q = x- 1 ^) = r 1/6 Q(0, (7.3a) 

so that 

r = t = l« 1/6 - £«) ■ < 73b > 

With these definitions we will assume that there exists a sequence £ n — > ooe lS with 

" =fif?-^-^ (7-4a) 



2q^/x~ 4 \Q 6£ 



and 



4^ V V 



X 2 X 2 X 



(QO 2 - T^W + 



3C~* ' 36£ 2 
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4Q 



4 



-4Q 2 ^£ 2 . (7.4b) 



(This assumption is certainly justified if 6 = 0, |-7r, and q is the solution given by 
Theorem A. Of course, t\ and £ 2 will depend on 9.) Then, with the notation of 
Section 6, as |£ n | — > 00, 

i(4r? 2 + 1) 

Fi(v, Cn - 8i77 - ±JL+_L + e 75 
77-^1 



and, from (3.13) and (6.7), in the limit as |£ n | — > 00, 

Fo /2 (Vo) 

so that 



2^+1-i ^f^ ->0, (7.6a) 



(7.6b) 

(Recall that we may have ??o = or 770 = — |i-) Furthermore, Fi/F 1 ^ 2 has poles 
at 77 = ±?7o and r\ = l\ and 

^1 i(2i/ + 1) | i(2i/ + 3) i 

FV2 77 — 770 V + Vo r}-£i 

so that S2 = —?7o , S3 = £1, A 2 = i(2u + 3), A 3 = — i and 

i=i 

We are now in a position to write down the respective monodromy data by 
appealing to formulae (6.11). However, rather than expressing the data relative to 
the solutions (see (6.12)) 

^ r l/4 e -i^)^/2 and ^ F -l/V^) J? ^/2 ) (7.8) 

it is more convenient to use modified reference solutions. We must use ip rather 
than (j) ( see (2-1)), since it is in terms of tp and A that the monodromy data is 
independent of £. As ip 2 = (v — /i) 1 / 2 ^ and since B = i, linearly independent 
asymptotic solutions for tfj 2 are 

t/4 1} ~ 7 7 - 1 e- i ^ (??) and ip { 2 2) ~ e*^. 

In order that \l/ should satisfy (1.4), where the matrix has zero trace, we need 
the component ip^ ~ exp(— i£jF). It is then immediate from (2.1) that ip 2 ~ 
exp(— i^jF), and so we choose to establish monodromy data with re- 
spect to 

igiT^VV* 7 ™ and 

whence, from (6.11), for axgz = arg (e 17r / 4 -\/2£C) = |7r + 2^7r to j7t + 2£tt : the Stokes 
multiplier is 

nfa>-*j) M 

X F -(-+V2)/2 2 -,-3/2 e -i 7r (2,+l)/4 ?r l/3 ) (7.9^ 
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l\/27r (4g + i) i7rI/ _ 2i ^( t?0 )^_^_i/2 

r(-^) e 4 



whilst for the sector from argz = §7r + 2£n to §7r + 2£n it is 



4" 1 u " 4' 

3 



y?r(-z/)e" (4 ^ +2)i ^ !/+2i ^ (?7o) ^ !/+1/2 



■iA,- 



i=2 



X 



Fo (-+V2)/2 2 , + 3/2 e i 7r (2, + l)/4 9 -l e l/3 sin7r ^ (7gb) 



8. Monodromy Data as x — > +oo. 

Here we take ??o = |i, and the Stokes curves through 77 = |i are given by 

Re ji£ jf (4a 2 + l) da j = Re [i£ (f r? 3 + 77 - §i)] = 0, 

which are asymptotic to the directions (with arg£ = 0) argr? = for integral j. 
We shall choose the sector bounded by &rgi] = and argt] = |7r, which corresponds 
to the A— sector < argA < ^n. This A— sector must then be the same when we 
consider x — > — 00. 

The asymptotics in Theorem A tell us that, asi^ +00, 



ir . 



so that, in the notation of Section 7, 

£1 = £2 = 0, z/ = -1, s 2 = s 3 = A 2 = i, A 3 = -i, S = i. 
Also, from (6.10), 

F( V o) = |i, ^00 = -16. 

Thus from (7.9) the Stokes multiplier for the relevant z— sector (jir < argz < §7r) 
is given by 

SM^ = -a. (8.1) 

9. Monodromy Data asx^ —00. 

Since r\ = x~ x l 2 \ and we now have wgx = 7r, the requirement that the A— sector 
be fixed now demands 

-i7r<arg77< -±7T. (9.1) 

We assert that the relevant turning-point must now be — |i. For if we suppose for 
contradiction that it is still +§i, then we note that the Stokes curve from |i to 
ooe -171 "/ 2 passes through — |i, since 

-i/2 



Re j i£ J (4a 2 + l) da I = 0. 



'i/2 

(Recall that arg£ = |7r.) Thus also the Stokes curve associated with — |i and the 
sector (9.1) must pass through + |i, and this is impossible since the real direction 
from — |i is also a direction for which 



ji£ y ^(4a 2 + l) daj=0. 



Re 
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(Set a + |i = r for small real r.) 

The asymptotics in Theorem A tell us that, as x — > — oo, 



lr 



so that 



-§ cot (§ |x| 3/2 - \d 2 log |x| + 7) , 



t\ = -\ lhn^ I cot |x n | 3/2 - \d 2 log |x„| + 7) | , 
where the sequence {x n } (or {£ n }) has to be chosen so that the limit exits. Also 
£ 2 = 4e 3ni/2 d 2 , v = -1 + \id 2 , s 2 = §i, 

s 3 =4, A 2 = i(2z/ + 3), A 3 = -i, 
•^(^0) = -§i, ^00 = -16. 
Note also that since, from Theorem 3, arg£ = | arg 7? for large \r}\, and since 

argz = iyr + i arg£ + argC 
= \n + I arg x + § arg 77 
= ±tt + § arg A, 

we see that keeping the A— sector fixed also fixes the z— sector and so we have 
that the relevant z— sector is again jir < arg z < jir. Thus from (7.9) the Stokes 
multiplier is 



^^ e ^/2 e -^/3 e (l-i^)/ 2( _ i) -( 2 , + 3) ( _ 1. _ £i) 

1 (1 2 ia j 



2 J 

X 



(_16) (1_id )/4 2 -( 1 + id2 )/ 2 e iw / 4 + 7rd2 /4^-i/3_ ( 9 _2) 

Since 



hi + £i = -i lim 



exp{-i(§|£ n | 


-|d 2 log|^|+ 7 )} 


sin(§|£ n | - 


-id 2 log |^|+7) 



we see that (9.2) reduces to 

SM^ = 2v f e-^V^-^V^ 2 / 4 . (9.3) 
rfr(-|irf 2 ) V ; 

Since the Stokes multiplier must be independent of the x— direction, comparison of 
(8.1) and (9.3) gives (1.3) and proves Theorem B. 



25 



References 

[I] R. Beals and D.H. Sattinger, Integrable systems and isomonodromy deformations, Physica D 
65 (1993), 17-47. 

[2] CM. Bender and S.A. Orszag, Advanced Mathematical Methods for Scientists and Engineers 
(1978), McGraw-Hill, New York. 

[3] P.A. Clarkson and J. B. McLeod, A connection formula for the second Painleve transcendent, 
Arch. Rat. Mech. Anal. 103 (1988), 97-138. 

[4] P. Deift and X. Zhou, A steepest descent method for oscillatory Riemann-Hilbert problems- 
asymptotics for the MKdV equation, Ann. Math. 137 (1993), 295-368. 

[5] T.M. Dunster, Uniform asymptotic solutions of second-order linear differential equations hav- 
ing a simple pole and a coalescing turning point in the complex plane, SIAM Jl. Math. Anal. 
25 (1994), 322-353. 

[6] H. Flaschka and A.C. Newell, Monodromy and spectrum preserving deformations I, Commun. 
Math. Phys. 76 (1980), 65-116. 

[7] A.S. Fokas and X. Zhou, On the solvability of Painleve-II and Painleve-IV, Commun. Math. 
Phys. 144 (1992), 601-622. 

[8] S.P. Hastings and J.B. McLeod, A boundary value problem associated with the second Painleve 
transcendent and the Korteweg-de Vries equation, Arch. Rat. Mech. Anal. 73 (1980), 31-51. 

[9] A.R. Its, A.S. Fokas and A. A. Kapaev, On the asymptotic analysis of the Painleve equations 
via the isomonodromy method, Nonlinearity 7 (1994), 1291-1325. 

[10] A.R. Its and A. A. Kapaev, The method of isomonodromy deformations and connection for- 
mulas for the second Painleve transcendent, Math. USSR Izvestiya 31 (1988), 193-207. 

[II] A.R. Its and V. Yu. Novokshenov, The Isomonodromic Deformation Method in the Theory 
of Painleve Equations: Lect. Notes Phys., vol. 1191, Springer- Verlag, Berlin, 1986. 

[12] N. Joshi and M.D. Kruskal, An asymptotic approach to the connection problem for the first 

and second Painleve equations, Phys. Lett. A 130 (1988), 129-137. 
[13] N. Joshi and M.D. Kruskal, The Painleve connection problem- an asymptotic approach, I, 

Stud. Appl. Math. 86 (1992), 315-376. 
[14] A. A. Kapaev, Global asymptotics of the second Painleve transcendent, Phys. Lett. A 167 

(1992), 356-362. 

[15] A. A. Kapaev and A.V. Kitaev, Connection formulas for the first Painleve transcendent in 
the complex plane, Lett. Math. Phys. 27 (1993), 243-252. 

[16] A. A. Kapaev and V. Yu. Novokshenov, Two-parameter family of real solutions of the second 
Painleve equation, Sov. Phys. Dokl. 31 (1986), 719-721. 

[17] M.V. Karasev and A.V. Pereskokov, On connection formulas for the second Painleve transcen- 
dent- proof of the Miles conjecture and a quantization rule, Russian Acad. Sci. Izv. Math. 42 
(1994), 501-560. 

[18] R.E. Langer, The asymptotic solutions of ordinary linear differential equations of the second 
order, with special reference to a turning point, Trans. Amer. Math. Soc. 67 (1949), 461-490. 

[19] G. Lebeau and P. Lochak, On the second Painleve equation, J. Diff. Eqns. 68 (1987), 334-372. 

[20] V.Yu. Novokshenov, The Boutroux ansatz for the second Painleve equation in the complex 
domain, Math. USSR Izvestiya 37 (1991), 587-609. 

[21] V.Yu. Novokshenov, Nonlinear Stokes phenomenon for the second Painleve equation, Physica 
D 63 (1993), 1-7. 

[22] F.W.J. Olver, Second order linear differential equations with two turning points, Phil. Trans. 
R. Soc. Lond. A 278 (1975), 137-174. 

[23] B.I. Suleimanov, The relation between asymptotic properties of the second Painleve equation 
in different directions towards infinity, Diff. Eqns. 23 (1987), 569-576. 

[24] E.C. Titchmarsh, Eigenfunction Expansions Associated with Second-Order Differential Equa- 
tions, II, O.U.P, Oxford, 1958. 

[25] E.T. Whittaker and G.M. Watson, Modern Analysis, 4th Ed., C.U.P., Cambridge, 1927. 



26 



